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First a review is given of Riemann-Cartan space-time and Einstein-Cartan gravity.
This gives us the necessary tools to handle the SO(2,3) Yang-Mills gauge theory for
gravity. New here is the derivation of the conservation laws. Possible solutions of the
field equations are discussed.
1 Introduction
The fact that gravity can be described as an anti-de Sitter gauge field theory has been
known for some time. Gravity was first formulated as a de Sitter or anti-de Sitter
gauge theory in papers by Townsend, MacDowell and Mansouri [1]. Later, Zardecki used
the notion of the connection of Cartan, to describe gravity in such gauge formalism,
and formulated the BRST invariance of the theory [2]. Gotzes and Hirshfeld used a
Clifford algebra valued Cartan connection to give a geometical formulation of anti-de
Sitter gravity [3]. Later, Ashtekar’s formalism was applied to the gauge theory of the de
Sitter group [4].
In order to reproduce the structure of an Einstein-Cartan theory, the SO(2, 3) gauge
symmetry must be spontaneously broken to the Lorentz-symmetry. The symmetry break-
ing mechanism with the Higgs scalar field was discussed extensively by Stelle and West
[1]. The geometrical concepts involved in the process of symmetry breaking in elec-
troweak theory were compared with the corresponding geometrical concepts in anti-de
Sitter gauge theory in Ref. [5].
The standard theory of strong and electroweak interaction is based on the Lie-
algebra su(3) ⊕ su(2) ⊕ u(1). Using the so(2,3) algebra for gravity, there is the pos-
sibility to unify the fundamental interactions within a Yang-Mills gauge theory [6]. The
smallest simple Lie-group that contains all the required sub-symmetries is SO*(14).
In fact: so(2, 3) ⊕ su(3) ⊕ su(2) ⊕ u(1) ⊂ so∗(6) ⊕ so∗(8) ⊂ so∗(14) ⊕ so∗(16), and
so∗(16) is a maximum subalgebra of both non-compact real forms of E8. Notice that
so(2, 3)⊕ su(3)⊕ su(2)⊕ u(1) is the even subspace in a Z2 grading of so
∗(6)⊕ so ∗ (8).
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In this work, we consider the anti-de Sitter gauge theory for gravity as a pure Yang-
Mills theory. In section 2 we present the basic information on the structure of a Riemann-
Cartan spacetime (see also Refs [7,8,9]). This is a Riemannian manifold with a solder form
θa and a metric compatible spin connection ωab as fundamental geometrical variables. In
terms of these variables a complete and intrinsic description is given of the gravitational
field on the spacetime manifold. Some general relations are given that are used in the
course of this work.
In an anti-de Sitter gauge theory with symmetry breaking to SO(1, 3), gravitational
interaction must be formulated in terms of the local Lorentz group. Therefore in section
3 we consider local Lorentz transformations for matter fields. The Noether identity for
this Lorentz symmetry is derived for a massive fermion field. Expressions for the energy-
momentum and spin angular-momentum 3-forms are obtained using the expression for
a general variation of the matter Lagrangian. In section 4 we consider the gauge field
Lagrangian for a local Lorentz gauge theory and derive the field equations for Einstein-
Cartan gravity. Then using the first Bianchi-identity, the Noether identity for the local
Lorentz symmetry derived in section 3, is obtained from the field equations. Using both
Bianchi-identities and the field equations a conservation law for the energy-momentum
is derived.
Starting from the Yang-Mills action for the SO(2, 3) symmetry defined on the anti-de
Sitter frame bundle, we obtain in section 5 by re-expressing the gauge field Lagrangian
in terms of quantities defined on the Lorentz-frame subbundle, the expression for the
gravitational Lagrangian in anti-de Sitter gauge theory. Subsequently, the gravitational
field equations are derived and the conservation laws for anti-de Sitter gravity. These
are the Noether identity for the local Lorentz symmetry from section 3 and 4 and the
conservation law for the energy-momentum which is of the same form as for Einstein-
Cartan gravity. Solutions of the field equations depend on the scale of the de Sitter length
l. Different theories are obtained depending on the scale length. Explicit solutions in
case of a Schwarzschild and RW-geometry are given in the appendices.
2 Riemann-Cartan Spacetime
2.1 The Vierbein
Let (M, g) be a four-dimensional, paracompact, Hausdorff, connected C∞-manifold, with
a non-singular metric g of signature (-,+,...,+).
If {Xa(x)}a=0,1,2,3 is an orthonormal frame, and {∂α(x)}α=0,1,2,3 a coordinate basis,
then the Xa transform under SO(1, 3)local into an orthonormal basis, while the ∂α trans-
form under GL(4,R)local.
Let eαa be the matrix which transforms the coordinate basis ∂α into the orthonormal
basis Xa:
Xa = e
α
a∂α (2.1)
and denote by eaα the inverse transformation
∂α = e
a
αXa (2.2)
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With,
g = gαβ∂α ⊗ ∂β = η
abXa ⊗Xb , η = diag(−1,+1, ...,+1) (2.3)
it follows that
gαβ = ηabeαae
β
b , η
ab = gαβeaαe
b
β (2.4)
Since in each point x ∈M , the eαa are the components of a basis of orthonormal tangent
vectors, these components are also called vierbein. The Lorentz index a of the vierbein is
raised and lowered with the Minkowski-metric ηab, while the spacetime index α is moved
with gαβ (a is a SO(1,3) tensor index and α a GL(4,R) tensor index). Therefore, we have
from (2.4)
eαae
a
β = δ
α
β , e
a
αe
α
b = δ
a
b (2.5)
If θa(x) are the dual one-forms corresponding with Xa(x), this means, θ
a(Xb) = δ
a
b ,
then it follows that
θa = eaαdx
α (2.6)
dxα = eαaθ
a (2.7)
Also we have
g = gαβdx
α ⊗ dxβ = ηabθ
a ⊗ θb (2.8)
with
gαβ = ηabe
a
αe
b
β , ηab = gαβe
α
ae
β
b (2.9)
The vierbein and its inverse eaα(x), are determined only upon a local Lorentz trans-
formation Λ(x)
Λ : eaα → e
′a
α = Λ
a
b(x)e
b
α (2.10)
The corresponding co-frame θa transforms as
Λ : θa → θ′a = Λab(x)θ
b (2.11)
while the orthonormal basis transforms as
Λ : Xa → X
′
a = Xb(Λ
−1(x))ba (2.12)
such that θa(Xb) = θ
′a(X ′b) = δ
a
b .
Analogous to (2.1), (2.2), (2.4), (2.6), (2.7) and (2.9), tensor indices with respect to
the holonomic basis (anholonomic basis), can be transformed into tensor indices with
respect to the anholonomic basis (holonomic basis), by multiplying with the matrices
eαa (e
a
α). For example, let V (x) be a vector field, then with (2.1)
V = V α∂α = V
aXa = V
a(eαa∂α) (2.13)
such that
V α = eαaV
a (2.14)
and with (2.5)
V a = eaαV
α (2.15)
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2.2 The Spin Connection
The covariant derivative of a vector field V (x) = V α(x)∂α(x) with respect to the coordi-
nate basis is given by
DαV = (DαV
β)∂β , DαV
β = ∂αV
β + ΓβαγV
γ (2.16)
with the GL(4,R) connection defined as
Dα∂γ = Γ
β
αγ∂β (2.17)
The covariant derivative of a vector field V (x) = V a(x)Xa(x) with respect to the or-
thonormal basis is given by
DαV = (DαV
a)Xa , DαV
a = ∂αV
a + ωabαV
b (2.18)
with the SO(1, 3) connection defined as
DαXa = ω
b
aαXb = ω
b
a(∂α)Xb (2.19)
The matrix of 1-forms
ωab = ωabαdx
α (2.20)
is called the spin connection.This connection can be coupled to spinor fields, which is not
the case for the GL(4,R) connection. As with other gauge fields, the spin connection
can be coupled to a field in any required representation of the local Lorentz group.
The requirement that the covariant derivative transforms homogeneously under a
local Lorentz transformation, this is,
Λ : DαV
a → (DαV
a)′ = Λab (x)(DαV
b) (2.21)
where
(DαV
a)′ = ∂αV
′a + ω′abαV
′b (2.22)
V ′a = Λab(x)V
b (2.23)
gives rise to the following transformation rule for ωα
Λ : ωabα → ω
′a
bα = Λ
a
cω
c
dα(Λ
−1)db − (∂αΛ
a
c)(Λ
−1)cb (2.24)
The matrix ωα transforms under SO(1, 3)local as a gauge field: the spin connection is the
gauge field of the local Lorentz group.
If one calculates the covariant derivative of ∂α expanded in the anholonomic basis as
in (2.2) using (2.18), this is
Dα(∂β) = (∂αe
a
β + ω
a
bαe
b
β)Xa (2.25)
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and likewise in the holonomic basis, where
Dα(∂β) = Γ
γ
αβ∂γ = Γ
γ
αβe
a
γXa (2.26)
then by equality of the right hand sides one finds
∂αe
a
β + ω
a
bαe
b
β − Γ
γ
αβe
a
γ = 0 (2.27)
This equation gives the relation between the spin connection ω and the GL(4,R) connec-
tion Γ. The covariant derivative of the vierbein which has multiple indices, is obtained
by using the appropriate connection term for every index. Equation (2.27) thus means
that the covariant derivative of the vierbein is zero
Dαe
a
β = 0 (2.28)
Therefore for every vector field V = V aXa = V
β∂β we have
DαV
a = eaβDαV
β (2.29)
which shows that both versions of the covariant derivatives are equivalent.
If one calculates the covariant derivative of gαβ
Dγg
αβ = eαae
β
bDγη
ab = eαae
β
b (ω
ab
γ + ω
ba
γ) (2.30)
then it follows
Dγg
αβ = 0⇔ ωab = −ωba (2.31)
If ωab = −ωba, then the metric tensor and the spin connection are called compatible. A
Riemannian manifold with a metric-compatible connection ω, is called a Riemann-Cartan
space.
From now on let (M, g) be a Riemann-Cartan spacetime. The vierbein 1-form θa and
the metric-compatible connection ωab are then the fundamental geometrical variables.
They satisfy the equations of Cartan
Ωab = dωab + ωac ∧ ω
cb = Dωab (2.32)
Θa = dθa + ωab ∧ θ
b = Dθa (2.33)
with d the exterior derivative and D the SO(1, 3) exterior covariant derivative. The
two-forms Ωab and Θa are the Riemann-Cartan curvature and torsion two-form, respec-
tively. Using (2.24) we find that under a local Lorentz transformation, the curvature
form transforms as
Ω′ab = Λ
a
cΩ
c
d(Λ
−1)db (2.34)
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while the torsion form transforms as the co-frame
Θ′a = ΛabΘ
b (2.35)
The components Rabαβ of Ω
ab determined by
Ωab =
1
2
Rabαβdx
α ∧ dxβ (2.36)
and the components T aαβ of Θ
a given by
Θa =
1
2
T aαβdx
α ∧ dxβ (2.37)
are called curvature tensor and torsion tensor, respectively. With (2.32) and (2.33) one
finds their explicit form
Rabαβ = ∂αω
ab
β − ∂βω
ab
α + ω
a
cαω
cb
β − ω
a
cβω
cb
α (2.38)
T aαβ = ∂αe
a
β − ∂βe
a
α + ω
a
cαe
c
β − ω
a
cβe
c
α (2.39)
The curvature tensor Rabαβ is in fact the SO(1, 3) covariant field strength tensor of the
SO(1, 3) gauge field ωab . It has the same content as the curvature tensor Rαβγδ defined
from the GL(4,R) connection Γαβγ and its first derivative.They are related by
Rabγδ = e
a
αe
β
bR
α
βγδ (2.40)
Analogous one has for the torsion tensor
T aαβ = e
a
γT
γ
αβ (2.41)
with T γαβ the expression for the torsion tensor in terms of the GL(4,R) connection
T γαβ = Γ
γ
αβ − Γ
γ
βα (2.42)
One can solve the expression for T γαβ given by (2.39) for ω
ab
α, to find that
ωabα = ωˆ
ab
α + φ
ab
α (2.43)
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with ωˆabα the torsion-free connection also called minimal or Levi-Civita connection.
Explicit,
ωˆabα =
1
2
eβa(∂αe
b
β − ∂βe
b
α)−
1
2
eβb(∂αe
a
β − ∂βe
a
α)−
1
2
eγaeβb(∂γeβc − ∂βeγc)e
c
α (2.44)
φabα =
1
2
eβaT bβα −
1
2
eβbT aβα −
1
2
eγaeδbT cδγeαc (2.45)
After substitution of (2.43) into (2.27) and making use of (2.4) and (2.9), one finds the
explicit expression for the GL(4,R) connection
Γαγδ = {γ
α
δ}+ g
αβKβγδ (2.46)
with {γ
α
δ} the Christoffel symbol and
Kβγδ =
1
2
(Tβγδ − Tδβγ − Tγβδ) (2.47)
The expression (2.46) is also found from the linear combination
1
2
(Dγgαβ −Dαgβγ −Dβgγα) = 0 (2.48)
after using (2.42).
The splitting of the Riemann-Cartan curvature two-form in a torsion-free and a torsion
term, can be find by substitution of (2.43) into (2.32)
Ωab = (dωˆab + ωˆac ∧ ωˆ
cb) + (dφab + ωˆac ∧ φ
cb + φac ∧ ωˆ
cb) + φac ∧ φ
cb (2.49)
or
Ωab = Ωˆab + Dˆφab + φac ∧ φ
cb (2.50)
Here Ωˆab and Dˆ are the curvature two-form and exterior covariant derivative calculated
with the Levi-Civita connection.
2.3 Some General Relations
With {θa} the orthonormal co-frame, the 4-volume form ǫ is given by the Hodge dual of
1
ǫ = ∗1 =
1
4!
ǫabcdθ
a ∧ θb ∧ θc ∧ θd = θ0 ∧ θ1 ∧ θ2 ∧ θ3 = ed4x (2.51)
where ǫabcd is the Levi-Civita symbol with ǫ0123 = 1, and
e =
√
|g| = det(eaα) = −
1
4!
ǫabcdǫ
αβγδeaαe
b
βe
c
γe
d
δ (2.52)
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In the coordinate basis we have the tensor density
ǫαβγδ = eǫabcdeαae
β
b e
γ
c e
δ
d (2.53)
Further we define
ǫa = ∗θa =
1
3!
ǫabcdθ
b ∧ θc ∧ θd = ǫ(Xa) (2.54)
ǫab = ∗(θa ∧ θb) =
1
2
ǫabcdθ
c ∧ θd = ǫa(Xb) (2.55)
ǫabc = ∗(θa ∧ θb ∧ θc) = ǫabcdθ
d = ǫab(Xc) (2.56)
ǫabcd = ∗(θa ∧ θb ∧ θc ∧ θd) = ǫabc(Xd) (2.57)
These forms together with ǫ span the Grassmann algebra of exterior forms on spacetime
M.
In the course of this work, the following relations will be of use
ǫ =
1
4
θa ∧ ǫa , ǫa =
1
3
θb ∧ ǫab , ǫab =
1
2
θc ∧ ǫabc , ǫabc = θ
dǫabcd (2.58)
θa ∧ ǫb = δ
a
b ǫ (2.59)
θa ∧ ǫbc = δ
a
c ǫb − δ
a
b ǫc (2.60)
θa ∧ ǫbcd = δ
a
dǫbc + δ
a
c ǫdb + δ
a
b ǫcd (2.61)
θaǫbcde = δ
a
e ǫbcd − δ
a
dǫbce + δ
a
c ǫbde − δ
a
b ǫcde (2.62)
ǫa1...akck+1...c4ǫb1...bkck+1...c4 = −(4− k)!δ
a1...ak
b1...bk
(2.63)
As a consequence of (2.31), we have
Dǫabcd = 0 , Dǫabc = Θ
dǫabcd , Dǫab = Θ
c ∧ ǫabc , Dǫa = Θ
b ∧ ǫab , Dǫ = 0
(2.64)
For differential forms Φ and Ψ of the same degree, we have
∗ Φ ∧Ψ = ∗Ψ ∧ Φ (2.65)
If Φ is a 4-form, then
Φ(Xa) ∧ θ
b = −δbaΦ (2.66)
We will often make use of the Bianchi identities,
DΘa = Ωab ∧ θb , DΩ
ab = 0 (2.67)
In deriving conservation laws from field equations in sections 4 and 5, the following
relations will be of use
(∗D∗)2Ωab = 0 (2.68)
DD ∗Θa = Ωab ∧ ∗Θb (2.69)
1
2
∗ (ǫfdc[bΩ
fd ∧ θc ∧ θa]) =
1
2
∗ (ǫabcdΩ
c
f ∧ θ
f ∧ θd) = Rc[ab]c (2.70)
1
2
ǫabcd ∗ (Θ
c ∧ θa ∧ θd) = 2 ∗ (∗Θ[a ∧ θb] ∧ θ
a) = T aab (2.71)
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3 The Gauge Symmetries of the Lorentz Group
3.1 Spinor Representation
Matter fields are represented by tensor p-forms ψ of type (L,E) with L denoting the
representation of the local Lorentz group in a linear space E. Under a local gauge
transformation Λ(x) ∈ SO(1, 3), a section ψ(x) of E is thus transformed as
ψ′(x) = L(Λ(x))ψ(x) (3.1)
For the spin indices of matter fields we have the transformation law (3.1) when L is a
solution of
L−1γaL = Λabγ
b (3.2)
L is the spinor representation of the tetrad rotation Λ.
The Dirac matrices γa = ηabγb generating the real Clifford algebra C(1, 3) onMinkowski
space, are represented by
γ0 =
(
1 0
0 −1
)
, γs =
(
0 σs
−σs 0
)
, s = 1, 2, 3 (3.3)
with σs = σ
†
s the Pauli matrices providing a set of basis operators of the fundamental
irrep of su(2),
σ1 =
(
0 1
1 0
)
σ2 =
(
0 −i
i 0
)
σ3 =
(
1 0
0 −1
)
(3.4)
The Dirac matrices satisfy
1
2
(γaγb + γbγa) = −ηab (3.5)
The (4x4)-matrices
σab = −
1
4
i[γa, γb] (3.6)
provide a set of generators of the fundamental spinor irrep of so(1, 3). Accordingly they
satisfy
[σab, σcd] = i[ηadσbc + ηbcσad − ηacσbd − ηbdσac] (3.7)
and
σ†ab = σ
ab (3.8)
Spacetime dependent Dirac matrices can be introduced as
γα(x) = e
a
α(x)γa (3.9)
They satisfy
Dαγβ = ∂αγβ + [ωα, γβ]− Γ
γ
αβγγ = 0 (3.10)
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where we used (2.27), (3.5), (3.6) and the expansion of the spin connection ω = ωαdx
α
in the so(1, 3) algebra:
ω = −
1
2
iωabσab (3.11)
The exterior covariant derivative Dψ of the matter field ψ transforms like a spinor
Dψ′(x) = L(Λ(x))Dψ(x) (3.12)
if it is defined as
Dψ = dψ + ωψ (3.13)
and ω transforms as
ω′ = LωL−1 − (dL)L−1 (3.14)
Consider now an infinitesimal Lorentz transformation
Λab = δ
a
b − α
a
b , αab = −αba (3.15)
then from (3.2) and the relation
[σab, γc] = i(γaηbc − γbηac) (3.16)
it follows that the rules for the local Lorentz transformation ψ′ = ψ + δψ of a spinor ψ
are given by
δψ =
1
2
iαabσabψ (3.17)
this is,
L = 1 +
1
2
iαabσab = 1− α , α = −
1
2
iαabσab (3.18)
The adjoint spinor ψ¯ = ψ†γ0 transforms as
ψ¯′(x) = ψ¯(x)L−1(Λ(x)) (3.19)
where
L−1 = 1−
1
2
iσabα
ab = 1 + a (3.20)
This transformation rule is derived using ψ′† = ψ†L† , (3.8) and σabγ
0 = γ0σab. If we
define
Dψ¯ = dψ¯ − ψ¯ω (3.21)
then Dψ¯ transforms like ψ¯ , this is
Dψ¯′(x) = Dψ¯(x)L−1(Λ(x)) (3.22)
Under an infinitesimal Lorentz transformation (3.15), the spin connection transforms as
δω = Dα = dα+ [ω, α] (3.23)
This follows straightforward from δω = ω′−ω and (3.14) after substitution of (3.18) and
(3.20). From δω = −1
2
iδωabσab = Dα = −
1
2
Dαabσab and (3.7), one obtains
δωab = Dαab = dαab + ωacαc
b − αacω
cb (3.24)
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3.2 Noether Identities from the Lorentz Symmetry
The independent variables in a SO(1,3) gauge theory are ωab, θa and ψ. A Lagrangian
describing matter fields in this gauge theory, is a functional
LM = LM(θ
a, ψ,Dψ) (3.25)
We say that this matter Lagrangian 4-form is locally gauge invariant if it is invariant
under the simultaneous transformations (2.11), (2.24), (3.1) and (3.12). If ψ is a spinor
field, these transformations are expressed by
δψ = −αψ , δψ¯ = ψ¯α (3.26)
δθa = −αabθ
b (3.27)
δωab = Dαab (3.28)
while Dψ transforms as ψ.
The Lagrangian for a massive fermion field in interaction with the Lorentz gauge field
is
LM = −
1
2
i(ψ¯ ∗ γ ∧Dψ +Dψ¯ ∧ ∗γψ)−mǫψ¯ψ (3.29)
where γ = γaθa and ∗γ = γ
aǫa its Hodge dual. Under an infinitesimal Lorentz transfor-
mation, we have
δǫ = δθa ∧ ǫa = 0 (3.30)
δǫa = δθ
b ∧ ǫab = α
b
aǫb (3.31)
δǫab = δθ
c ∧ ǫabc = α
c
aǫcb + α
c
bǫac (3.32)
Here we used equations (2.51),(2.54)-(2.56),(2.59)-(2.61) and (3.27). From (3.31) we have
then
δ(∗γ) = γaαbaǫb (3.33)
Using this and equations (3.16) and (3.26) one finds that every term in the matter
Lagrangian (3.29) is invariant under an infinitesimal Lorentz transformation:
δLM = 0 (3.34)
Using
d(ψ¯α ∗ γψ) = Dψ¯ ∧ α ∗ γψ + ψ¯αD(∗γψ) + ψ¯Dα ∧ ∗γψ (3.35)
d(ψ¯ ∗ γαψ) = D(ψ¯ ∗ γ)αψ − ψ¯ ∗ γα ∧Dψ − ψ¯ ∗ γ ∧Dαψ (3.36)
the variation of LM can be written as
δLM = αabT
a ∧ θb +
1
2
αabDSab + ψ¯α /Dψ − ( /Dψ¯)αψ (3.37)
where
T a ∧ θb = −
1
2
i(Dψ¯γbψ − ψ¯γbDψ) ∧ ǫa (3.38)
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Sab = −
1
2
ψ¯(∗γσab + σab ∗ γ)ψ (3.39)
/Dψ = −
1
2
i(∗γ ∧Dψ −D(∗γψ))−mǫψ (3.40)
/Dψ¯ = −
1
2
i(Dψ¯ ∧ ∗γ +D(ψ¯ ∗ γ))−mǫψ¯ (3.41)
With the equations of motion satisfied (see (3.45)), we have from δLM = 0 the conserva-
tion law (Noether identity)
DSab = θb ∧ Ta − θa ∧ Tb (3.42)
Since
d(αabSab) = Dα
ab ∧ Sab + α
abDSab (3.43)
we find, using (3.26)-(3.28),
δLM = δθa ∧ T
a +
1
2
δωab ∧ Sba + δψ¯ /Dψ + /Dψ¯δψ + exactform (3.44)
which is also the expression for a general variation of LM with respect to (θ
a, ωab, ψ).
Thus T a is the variational derivative of LM with respect to θa and therefore recognised
as the energy-momentum 3-form. Sab is the variational derivative with respect to ω
ab
and represents the spin angular-momentum 3-form. /Dψ and /Dψ¯ are the variational
derivatives of LM with respect to ψ¯ and ψ respectively, such that
/Dψ = 0 , /Dψ¯ = 0 (3.45)
are Dirac’s equations of motion for the fermion field in interaction with the Lorentz gauge
field. From ψ¯ /Dψ− ( /Dψ¯)ψ, one obtains the conservation law for the probability current:
d(ψ¯ ∗ γψ) = 0 (3.46)
Using
D(∗γ) = γaDǫa = γ
aΘb ∧ ǫab = γ
aT babǫ (3.47)
with T bab components of the torsion tensor in an orthonormal basis, this is Θ
a = 1
2
T abcθ
b∧
θc, the Dirac equations (3.40),(3.41) can also be written as
iγa(Da −
1
2
T bba)ψ −mψ = 0 (3.48)
i(Da −
1
2
T bba)ψ¯γ
a +mψ¯ = 0 (3.49)
where we also used that Dψ = Dαψdx
α = eaαDaψdx
α = θaDaψ.
The energy-momentum 3-form Ta defined through (3.38) is also written as
Ta = Ta
bǫb =
1
2
i(Daψ¯ ∗ γψ − ψ¯ ∗ γDaψ) (3.50)
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Ta
b =
1
2
i(Daψ¯γ
bψ − ψ¯γbDaψ) (3.51)
Its trace is given by
Tǫ =
1
2
i(Dψ¯ ∧ ∗γψ + ψ¯ ∗ γ ∧Dψ) (3.52)
where we used that Ta
bǫ = θb ∧ Ta.
If the equations of motion (3.45) are satisfied, the trace becomes
T = −mψ¯ψ (3.53)
The spin angular-momentum 3-form Sab defined through (3.39) can also be written as
Sab =
1
2
ψ¯γ5γψ ∧ θa ∧ θb , γ
5 = iγ0γ1γ2γ3 (3.54)
where we used that {σab, γc} = ǫabcdγ
5γd.
4 Einstein-Cartan Gravity
4.1 Gauge Field Lagrangian
In a Lorentz gauge theory, the gauge field Lagrangian will be a functional of Ωab, θa,Θa,
i.e. it will be a 4-form,
L = L(Ωab, θa,Θa) (4.1)
We say that this gauge field Lagrangian is locally gauge invariant if L is invariant un-
der the simultaneous transformations (2.11), (2.34) and (2.35). Lagrangian’s with this
property are for example,
L(Ω) = −
1
2
Ωab ∧ ∗Ω
ab (4.2)
L(Θ) = −
1
2
Θa ∧ ∗Θ
a (4.3)
L(EC) =
1
2
Ωab ∧ ∗(θ
a ∧ θb) (4.4)
L(CC) =
1
2
θa ∧ θb ∧ ∗(θ
a ∧ θb) (4.5)
4.2 Einstein-Cartan Field Equations
In Einstein-Cartan (EC)-gravity, the Lagrangian for a system of (minimally) coupled
matter and gauge fields, is a functional
L = L(Ωab, θa, ψ,Dψ) =
1
8πl2p
LEC(Ωab, θa) + LM(ψ,Dψ) (4.6)
where,
LEC =
1
4
ǫabcdΩ
ab ∧ θc ∧ θd =
1
2
Rabµνe
µ
ae
ν
b ǫ (4.7)
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is the EC-Lagrangian (4.4). For the matter Lagrangian we have for example the Dirac
Lagrangian (3.29),
LD = {
1
2
i(ψ¯γaDαψ −Dαψ¯γ
aψ)eαa −mψ¯ψ}ǫ (4.8)
and the Lagrangian for a Yang-Mills field,
LYM = −
1
2
F ∧ ∗F = −
1
4
FαβFγδe
α
ae
β
b e
aγebδǫ (4.9)
The stress-energy momentum 3-form of these matter fields is defined by
δθLM = δθ
a ∧ Ta (4.10)
This gives for the Dirac Lagrangian (4.8) again equation (3.50) for Ta. From (4.9) we
obtain,
T (YM)a =
1
2
{F (Xa) ∧ ∗F − F ∧ (∗F (Xa))} (4.11)
where θa(Xb) = δ
b
a. The components in T
(YM)
a = Ta
cǫc are given by
Ta
c = FabF
cb −
1
4
δcaFbdF
bd (4.12)
The spin-angular momentum 3-form which is non-zero only for fermionic matter fields is
defined by
δωLM =
1
2
δωab ∧ Sba (4.13)
For LM = L
(D) we obtain for S
(D)
ab the expression (3.39) already obtained in the derivation
of Noethers theorem for the Lorentz symmetry.
Field equations are obtained by independent variations with respect to eaα and ω
ab
α .
In deriving these equations we discard any total divergence and use the relations
δθa ∧ ǫb = δe
a
αe
α
b ǫ = −e
a
αδe
α
b ǫ (4.14)
δθa ∧ ǫa = δed
4x = δθǫ (4.15)
One obtains,
1
2
ǫabcdΩ
ab ∧ θc = 8πl2pTd : δθ (4.16)
ǫabcdΘ
c ∧ θd = 8πl2pSab : δω (4.17)
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4.3 Conservation Laws
The conservation laws in EC-gravity may be evaluated from the field equations (4.16) and
(4.17). We first take the wedge product of (4.16) with θf and change indices according
to d↔ b, f ↔ a. Taking the anti-symmetric component in the indices a and b, and the
Hodge dual of the resulting equation, gives
1
2
∗ (ǫfdc[bΩ
fd ∧ θc ∧ θa]) = 8πl
2
p ∗ (T[b ∧ θa]) (4.18)
Acting with D on (4.17), then taking the Hodge dual, gives after using the first Bianchi
identity (2.67),
1
2
∗ (ǫabcdΩ
c
f ∧ θ
f ∧ θd) = 8πl2p ∗DSab (4.19)
Using (2.70), we obtain by comparing (4.18) and (4.19), the Noether identity for the
Lorentz symmetry,
∗DSab = ∗(θb ∧ Ta − θa ∧ Tb) (4.20)
To obtain the conservation law for the energy-momentum, we take the exterior covariant
derivative of the first field equation (4.16),
8πl2pDTd =
1
2
ǫabcd(Ω
ab ∧Θc) (4.21)
We take the interior product of this equation with Xf , and the wedge product of the
resulting equation with θd. After using both field equations and (2.66) one obtains,
DTd = Θ
c(Xd) ∧ Tc −
1
2
Ωab(Xd) ∧ Sab (4.22)
Since the second field equation (4.17) expresses torsion via spin algebraically, the torsion
vanishes identically if and only if the matter is spinless (Sab = 0). From (4.20) we then
have
θ[a ∧ Tb] = 0 : zero torsion (4.23)
which means that Tab is symmetric in this case. From (4.22) we then have that this
symmetric energy impulse tensor is divergence free,
DTd = 0 : zero torsion (4.24)
Finally, the first field equation (4.16) reduces to Einsteins equation
Rab −
1
2
Rδab = κT
a
b : zero torsion (4.25)
Remark that the conservation laws (4.20) and (4.22) are the same as those resulting from
local invariance under the 10-dimensional Poincare´ group of matter fields on a Riemann-
Cartan spacetime [8,9]. For an isolated matter system in special relativity (SR) where
15
Θa = Ωab = 0 (and the field equations (4.16), (4.17) are not satisfied) one obtains using
Cartesian coordinates,
DTd = 0 (4.26)
D(Sab + x[a ∧ Tb]) = 0 (4.27)
These equations represent the 4 plus 6 conservation laws of energy-momentum and total
angular momentum (spin part + orbital part) obtainable from global Poincare´ invariance
of SR. They imply the existence of 4+6 conserved (=time-independent) global charges
pa =
∫
Ht
Ta (4.28)
jab =
∫
Ht
(Sab + x[a ∧ Tb]) (4.29)
where the integrals are over all space at a fixed time and the integrand must fall rapidly
enough as |x| approaches infinity to obtain a finite integral. In the quantum field theory,
these conserved global symmetry charges from Noethers theorem are Hermitian operators
on the infinite dimensional Hilbert space of states of the field. They generate the unitary
infinite dimensional representations of the Poincare´ group on which Wigners mass-spin
classification of elementary particles is based.
5 Anti-de Sitter Gauge Theory
5.1 Gauge Field Lagangian
Essential in the formulation of the gauge theory for gravity is the notion of fibre bundle
reduction and the related concept of symmetry breaking [10]. If P (M,G) is a principal
fibre bundle with structure group G over space-time M and H a closed subgroup of G,
then the existence of a principal subbundle Q(M,H), is equivalent to the existence of a
section (a ‘physical Higgs field’) ϕ : M → P/H , where P/H is the associated bundle to
P by the action of G on the coset space G/H . There exists a one to one correspondence
between these sections and equivariant mappings φ : P → G/H ⊂ V of type (ρ, V ) where
V is the vector space on which G acts through a representation ρ : G→ GL(V ) and G/H
is the orbit space ρ(G).v0, v0 ∈ G/H a H-fixed point in V . In fact Q = φ
−1(v0). Using
this concept of symmetry breaking, the original Lagrangian defined in the G-principal
bundle P can be re-expressed in terms of quantities defined in the H-principal subbundle
Q. Therefore, let P (M,G) be the anti-de Sitter frame bundle which is a G = SO(2, 3)
principal fibre bundle, and Q(M,H) = O(M) the Lorentz frame bundle, a H = SO(1, 3)
subbundle of P . The anti-de Sitter algebra g = so(2, 3) splits into a Lorentz subalgebra
h = so(1, 3) and a complementary vector space t = R1,3 isomorphic with Minkowski
space,
g = so(2, 3) + R1,3 (5.1)
The ten generators Kab defining the anti-de Sitter algebra
[KAB, KCD] = KADηBC +KBCηAD −KACηBD −KBDηAC (5.2)
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where ηAB = diag(−1, 1, 1, 1,−1), split into six generators Jab = Kab of the Lorentz
subgroup and four anti-de Sitter boosts Pa = (1/l)K4a, l the de Sitter length. In the
basis {Jab, Pa}, we have the commutation relations
[Jab, Jcd] = Jadηbc + Jbcηad − Jacηbd − Jbdηac (5.3)
[Jab, Pc] = Paηbc − Pbηac (5.4)
[Pa, Pb] = (1/l
2)Jab (5.5)
If µ˜ is the connection one-form of a Cartan connection on P , then the restriction µ of µ˜
to Q, i.e., µ = γ∗µ˜ where γ : Q− > P is the identity injection of Q into its extension P ,
splits according to the Lie algebra structure into a h-valued part ω and a t-valued part
θ,
µ = ω + θ =
1
2
µABKAB =
1
2
ωabJab + θ
cPc (5.6)
where ωab = µab and θc = lµ4c.From (5.4) we have that [γ∗h, t] ∈ t, which implies that ω
is the connection one-form of a Lorentz connection on Q and θ a tensor one-form of type
(AdH, t) on Q, where Ad denotes the adjoint representation of the symmetry group. The
tensor form θa is identified as the canonical form on O(M).
The reduction ∆ = γ∗∆˜ to Q of the curvature ∆˜ calculated from µ˜ on P , can be
written as
∆ = dµ+
1
2
[µ, µ] =
1
2
∆ABKAB = Ω+Θ+ Σ , ∆
AB = dµAB + µAC ∧ µC
B (5.7)
where
Ω = dω +
1
2
[ω, ω] =
1
2
ΩabJab , Ω
ab = Dωab = dωab + ωac ∧ ωc
b (5.8)
Θ = dΘ+ [ω, θ] = ΘaPa , Θ
a = Dθa = dθa + ωab ∧ θ
b (5.9)
Σ =
1
2
[θ, θ] =
1
2l2
θa ∧ θbJab (5.10)
and [, ] denotes the exterior product of Lie algebra valued forms. The two-form Ωab is
the curvature of the Lorentz frame bundle O(M) and Θa its torsion two-form. Remark
that
∆ab = Ωab +
1
l2
θa ∧ θb , ∆4c =
1
l
Θc (5.11)
From the Bianchi identity on P
d∆˜ + [µ˜, ∆˜] = 0 (5.12)
we find after reduction to the sub-bundle Q,
DΩ = 0 , DΘ = [Ω,Θ] (5.13)
or
DΘa = Ωab ∧ θb , DΩ
ab = 0 (5.14)
17
Within the fibre bundle formulation of a Yang-Mills gauge theory, the gauge field
Lagrangian on P (M,G) is defined as a Yang-Mills Weil form [11]
L2(∆˜, ∗∆˜) (5.15)
where L2 is an Ad(G)-invariant Weil polynomial of degree two on the Lie algebra g. In
the case g = so(2, 3) here considered, the restriction ∆ of ∆˜ to Q is a tensor two-form
on Q. Then the restriction to Q of the Weil form itself, i.e., L2(∆, ∗∆) = γ
∗L2(∆˜, ∗∆˜),
projects to a unique four-form L on M such that
L2(∆, ∗∆) = π
∗L (5.16)
where π is the projection from Q on the base M .
The invariance of (5.15) under general gauge transformations (the vertical automor-
phisms of P ), follows from the Ad(G)-invariance of L2 and the fact that ∆˜ is a tensor
two-form. Notice that in (5.16) the four-form L (Lagrangian on M) is defined without
using pull-backs through natural sections of P defined by a choice of a local trivialisation
(gauge fixing) of the principal fibre bundle.
For matrix groups, an Ad(G)-invariant Weil polynomial on of degree two on its Lie-
algebra g is proportional to
L2(X, Y ) = −
1
2
(tr(X)tr(Y )− tr(XY )) , X, Y ∈ g (5.17)
In our case where g = so(2, 3), tr(X) = 0 and (5.17) is proportional to the Killing form.
In the 5x5-matrix representation the generators KAB of the Lie algebra so(2, 3) are given
by
(KAB)
M
L = δ
M
AηBL − δ
M
BηAL (5.18)
It is then straightforward to obtain that
L2(KAB, KCD) = C(ηACηBD − ηADηBC) (5.19)
and therefore
L2(Kab, Jcd) = C(ηacηbd − ηadηbc) (5.20)
L2(Pa, Pb) = −C(1/l
2)ηab (5.21)
L2(Jab, Pc) = 0 (5.22)
We introduced constant C, since the Weil polynomials are defined only upon an arbitrary
constant. We then substitute the explicit expressions for Ω, Θ, Σ as given in (5.7)-(5.10),
into the Lagrangian (5.15). Using the multi-linearity of L2 and (5.19)-(5.22), we obtain
a gravitational Lagrangian which besides curvature-squared and torsion-squared terms
also contains the Einstein action with cosmological term. In fact,
L2(∆, ∗∆) =
1
2
C∆AB ∗∆AB = (
1
2
Ωab ∧ ∗Ωab +
1
2l2
ǫabcdΩ
ab ∧ θc ∧ θd
+
1
4l4
ǫabcdθ
a ∧ θb ∧ θc ∧ θd −
1
l2
Θa ∧ ∗Θa (5.23)
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If we put C = (1/16π)(1/gl2), gl = lp/l where lp is the Planck length, then the La-
grangian defines an Einstein-Cartan theory supplemented with the curvature kinetic en-
ergy −1
2
Ωab ∧ ∗Ωab and the torsion kinetic energy −
1
2
Θa ∧ ∗Θa . One can pull-back the
Lagrangian to space-time M by using local sections σ : U ⊂M → O(M). By letting,
σ∗θa = eaαdx
α (5.24)
σ∗ωab = ωabαdx
α (5.25)
σ∗Ωab =
1
2
Rabαβdx
α ∧ dxβ (5.26)
σ∗Θa =
1
2
T aαβdx
α ∧ dxβ (5.27)
we identify θa as the co-frame corresponding to an orthonormal frame Xa, Ω
ab and Θa as
the Riemann-Cartan and torsion two-form of the base manifold M. To simplify notation
we will use for these tensorial quantities on the base manifold M the same notation as
their corresponding quantities on O(M).
5.2 Field Equations
Varying the Lagrangian supplemented with the matter Lagrangian LM , with respect to
θa and ωab, gives the field equations
1
2l2
ǫabcdΩ
ab ∧ θc +
1
l2
D ∗Θd +
1
2l4
ǫabcdθ
a ∧ θb ∧ θc = 8πg2l T
(M)
d −
1
2
T
(Ω)
d +
1
l2
T
(Θ)
d (5.28)
1
l2
ǫabcdΘ
c ∧ θd −
2
l2
∗Θ[a ∧ θb] +D ∗ Ωab = 8πg
2
l Sab (5.29)
where T
(M)
d is the energy-momentum 3-form of matter, T
(Ω)
d and T
(Θ)
d are the Yang-
Mills energy-momentum 3-forms associated with the curvature and torsion kinetic energy
respectively,
δθLM = δθ
a∧T (M)a , δθ(−
1
2
Ωab∧∗Ω
ab) = δθc∧T (Ω)c , δθ(−
1
2
Θa∧∗Θ
a) = δθc∧T (Θ)c (5.30)
and,
T (Ω)c =
1
2
{Ωab(Xc) ∧ ∗Ωab − Ω
ab ∧ (∗Ωab(Xc))} (5.31)
T (Θ)c =
1
2
{Θa(Xc) ∧ ∗Θa −Θ
a ∧ (∗Θa(Xc))} (5.32)
Their components in T
(Ω)
c = Tc
d(Ω)ǫd and T
(Θ)
c = Tc
d(Θ)ǫd are given by
Tc
d(Ω) = RabcfR
abdf −
1
4
δc
dRabfgR
abfg (5.33)
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Tc
d(Θ) = T acbTa
db −
1
4
δc
dT afgTa
fg (5.34)
In a coordinate basis and for a metric-compatible connection, the field equations are
Rαd −
1
2
Reαd +Dβ(Td
αβ) + Td
αβT γβγ +
1
2
Td
βγT αβγ −
3
l2
eαd
= κTd
α(M) −
1
2
l2Td
α(Ω) + Td
α(Θ) (5.35)
1
2
(eαcT
c
ab + e
α
aT
c
bc − e
α
bT
c
ac) + T[ab]
α +
1
2
l2Dβ(Rab
αβ) +Rab
αβT γβγ +
1
2
Rab
βγT αβγ
=
1
2
κSab
α (5.36)
where κ = 8πl2p. They are obtained straightforwardly by using the expressions (2.36),
(2.37) and (2.6) for Ωab, Θa and θa, and the general relations of section 2.3.
5.3 Conservation Laws
From the Bianchi identities and the field equations, we can derive the conservation laws
for anti-de Sitter theory. We take the wedge product of the first field equation (5.28) with
θf and change indices according to d↔ b, f ↔ a. Taking the anti-symmetric component
in the indices a and b, and the Hodge dual of the resulting equation gives,
1
2
∗ (ǫfdc[bΩ
fd ∧ θc ∧ θa]) + ∗(D ∗Θ[b ∧ θa]) = 8πl
2
p ∗ (T
(M)
[b ∧ θa]) (5.37)
Acting with D on the second field equation (5.29), then taking the Hodge dual, gives
after using the first Bianchi identity and (2.68),
1
2
∗ (ǫabcdΩ
c
f ∧ θ
f ∧ θd) + ∗(D ∗Θ[b ∧ θa]) = 4πl
2
p ∗DSab (5.38)
Using (2.70), we obtain by comparing (5.37) and (5.38), the Noether identity for the
Lorentz symmetry,
∗DSab = ∗(θb ∧ T
(M)
a − θa ∧ T
(M)
b ) (5.39)
To obtain the conservation law for the energy-momentum we take the wedge product of
θa with (5.29). The Hodge dual of this equation gives after using (2.71),
3
2l2
ǫabcd ∗ (Θ
c ∧ θa ∧ θd) + ∗(θa ∧D ∗ Ωab) = 8πg
2
l ∗ (θ
a ∧ Sab) (5.40)
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Acting with D on (5.28) gives after using (2.69), taking the Hodge dual, and changing
indices d↔ b,
−
3
2l2
ǫabcd ∗ (Θ
c ∧ θa ∧ θd)−
1
2
ǫabcd ∗ (Ω
ad ∧Θc)− ∗(Ωab ∧ ∗Θa)
= 8πl2p ∗DT
(M)
b −
1
2
l2 ∗DT
(Ω)
b + ∗DT
(Θ)
b (5.41)
By comparing (5.40) and (5.41) we find,
8πl2p ∗DT
(M)
b =
1
2
l2 ∗DT
(Ω)
b − ∗DT
(Θ)
b − 8πg
2
l ∗ (θ
a ∧ Sab) + ∗(θ
a ∧D ∗ Ωab)
− ∗(Ωab ∧ ∗Θ
a)−
1
2
ǫabcd ∗ (Ω
ad ∧Θc) (5.42)
To get this differential conservation law in the same form as (4.22), we take the exterior
covariant derivative of the first field equation (5.28),
8πl2p ∗DTd =
1
2
ǫabcd(Ω
ab ∧Θc) +DD ∗Θd +
1
2
l2DT
(Ω)
d −DT
(Θ)
d (5.43)
where we defined
Td = T
(M)
d + T
(V )
d , T
(V )
d = −
1
16πl2pl
2
ǫabcdθ
a ∧ θb ∧ θc (5.44)
and T
(V )
d represents the bare cosmological energy 3-form of anti-de Sitter gravity. We take
the interior product of equation (5.43) with Xf , and the wedge product of the resulting
equation with θd. After using both field equations and (2.66) one obtains,
DTd = Θ
c(Xd) ∧ Tc −
1
2
Ωab(Xd) ∧ Sab (5.45)
We also used
DT (Ω)c = D ∗ Ωab ∧ Ω
ab(Xc)− T
(Ω)
d ∧Θ
d(Xc) (5.46)
DT (Θ)c = D ∗Θa ∧Θ
a(Xc)−DΘ
a ∧ ∗Θa(Xc)− T
(Θ)
d ∧Θ
d(Xc) (5.47)
5.4 The Case of Zero Torsion
For zero torsion, the field equations (5.28-29) reduce to,
1
2
εabcdΩ
ab ∧ θc +
1
2l2
εabcdθ
a ∧ θb ∧ θc = 8πl2pT
(M)
d −
1
2
l2T
(Ω)
d (5.48)
D ∗ Ωab = 8πg
2
l Sab (5.49)
For obvious reasons, the first equation is called Einstein equation, the second Yang-Mills
equation. It is the field equation for a SO(1, 3) gauge theory with 8πg2l as dimensionless
coupling. In component notation,
Rab −
1
2
Rδab −
3
l2
δab = 8πl
2
pT
a(M)
b −
1
2
l2T
a(Ω)
b (5.50)
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DdR
cd
ab = 8πg
2
l S
c
ab (5.51)
where
T
a(Ω)
b = R
cdafRcdbf −
1
4
δabR
cdfgRcdfg (5.52)
are the components in T
(Ω)
a = T
b(Ω)
a εb.
Note an important difference wit Einstein-Cartan theory. There, by the second field
equation εabcdΘ
c ∧ θd = 8πl2pSab the spin tensor must be zero for zero torsion. Here this
is no longer the case. The conservation laws (5.45-46) reduce to,
DT (M)c = −
1
2
Ωab(Xc) ∧ Sab (5.53)
DT (Ω)c = D ∗ Ωab ∧ Ω
ab(Xc) (5.54)
So, for zero torsion and zero spin current, the matter tensor and curvature kinetic energy
are conserved.
From (5.52) we see that T
a(Ω)
b is a symmetric tensor (with zero trace), implying that for
zero torsion T
a(M)
b is also symmetric. This also follows from the Yang-Mills equation
(5.49), and the identity ∗DD ∗Ωab = 0 , implying that the left hand side of the Noether
identity (5.39) vanishes identically. However, this is also the case for spinless matter,
such that
θ[a ∧ T
(M)
b] = 0 : zero torsion or zero spin current (5.55)
From (5.53-54) we we also have the identity,
DT (M)a =
1
16πg2l
DT (Ω)a (5.56)
5.5 Solutions
Depending on the limit considered one obtains different theories.
(1) l →∞ (gl → 0)
In this limit, the theory reduces to the Stephenson-Yang theory [12]. The Lagrangian of
the theory 1
2
Ωab ∧ ∗Ωab corresponds to that of a Yang-Mills theory of the Lorentz group.
Field equations are given by
T
(Ω)
d = 0 (5.57)
D ∗ Ωab = 0 (5.58)
For zero torsion, every Einstein space
Rab = λgab (5.59)
with λ arbitrary, is a solution. By (5.57) these are the only solutions. P Baekler and P B
Yasskin have proved [13] that the only spherically symmetric solutions of the torsion-free
equations (5.57)-(5.58) are (i) the Schwarzschild-de Sitter metrics with arbitrary cosmo-
logical constant λ; (ii) the Nariai-Bertotti metrics with arbitrary λ; (iii) a specific family
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of flat spherical wave metrics. Remark that the cosmological constant λ is not a funda-
mental constant as in Einsteins theory (there is no cosmological term in the Lagrangian
in this limit). Rather, λ is a property of the solution (an integration constant). Our the-
ory has no matter solutions in the limit here considered. So, l→∞ corresponding to an
anti-de Sitter→ Poincare´ contraction of the spacetime symmetry group, also corresponds
to the ”vacuum limit”. The original Stephenson-Yang theory has serious difficulties with
matter solutions and the field equations do not reduce to Poisson’s equation in the New-
tonian limit.
(2) l → lp (gl → 1)
For zero torsion the field equations (5.50)-(5.51) reduce to,
Rab −
1
2
Rδab − (3/l
2
p)δ
a
b = 8πl
2
pT
a(M)
b −
1
2
l2pT
a(Ω)
b (5.60)
Dd(Rab
cd) = 8πg2l Sab
c (5.61)
The effective matter Lagrangian must contain a counter term for the anti-de Sitter cos-
mological term, fine tuned to obtain the observed cosmological constant Λobs. If the
curvature << 1/l2p, the first field equation (5.60) reduces to Einstein’s equation.
In vacuum, this is:
T
(M)
ab = Sab
c = Λobs = 0 (5.62)
the Schwarzschild metric is the unique spherical symmetric solution [14].An explicit cal-
culation of this result is given in appendix A.
Inside matter, the second field equation (5.61) imposes restrictions on the solution set
of the first field equations. For example for the RW-geometry, the Yang-Mills equation
determines the equation of state for the matter present. The only solution found for a
RW-geometry with a perfect fluid matter content is the early universe. This is shown in
appendix B.
Solutions of gravitational theories based on a gauge invariant field Lagrangian at most
quadratic in curvature and torsion (as is (5.23)) have also been studied by H Goenner
and F Mu¨ller-Hoissen [15], and by J.Garecki [16].
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Appendices
A Schwarzschild Geometry
A.1 Geometrical Quantities
The Schwarzschild metric,
ds2 = −e2λdt2 + e2µdr2 + r2(dθ2 + sin2θdφ2) (A.1)
with λ = λ(r), µ = µ(r).
In a non-holonomic basis,
ds2 = ηabθ
a ∧ θb (A.2)
θt = eλdt (A.3)
θr = eµdr (A.4)
θθ = rdθ (A.5)
θφ = rsinθdφ (A.6)
Calculate dθa = −ωab ∧ θ
b and read the connection one-forms,
ωtr = λ
′
e−µθt = λ
′
eλ−µdt (A.7)
ωθr =
1
r
e−µθθ = e−µdθ (A.8)
ωφr =
1
r
e−µθφ = e−µsinθdφ (A.9)
ωφθ =
1
r
cotgθ θφ = cosθdφ (A.10)
Then calculate the Ωab = dω
a
b+ω
a
c∧ω
c
b and read the Riemann-tensor components from
Ωab =
1
2
Rabcdθ
c ∧ θd.
Ωtr = −Aθ
t ∧ θr, A = e−2µ(λ
′′
+ λ
′2 − λ
′
µ
′
) = −Rtrtr (A.11)
Ωtθ = −Bθ
t ∧ θϑ, B =
λ
′
r
e−2µ = −Rtθtθ (A.12)
Ωtφ = −Bθ
t ∧ θφ, B =
λ
′
r
e−2µ = −Rtφtφ (A.13)
Ωrθ = Cθ
r ∧ θθ, C =
µ
′
r
e−2µ = Rrθrθ (A.14)
Ωrφ = Cθ
r ∧ θφ, C =
µ
′
r
e−2µ = Rrφrφ (A.15)
Ωθφ = Dθ
θ ∧ θφ, D =
1
r2
(1− e−2µ) = Rθφθφ (A.16)
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Obtain the components of the Ricci-tensor from Rab = R
c
acb and the Ricci-scalar R = R
a
b
Rtt = −e
−2µ(λ
′′
+ λ
′2 − λ
′
µ
′
+ 2
λ
′
r
) = −A− 2B (A.17)
Rrr = −e
−2µ(λ
′′
+ λ
′2 − λ
′
µ
′
− 2
µ
′
r
) = −A + 2C (A.18)
Rθθ = R
φ
φ = e
−2µ(
µ
′
r
−
λ
′
r
−
1
r
) +
1
r2
= −B + C +D (A.19)
R = e−2µ(−2λ
′′
− 2λ
′2 + 2λ
′
µ
′
− 4
λ
′
r
+ 4
µ
′
r
−
2
r2
) +
2
r2
= −2A− 4B + 4C + 2D (A.20)
The geometrical quantities obtained so far allow to calculate the Einstein field equations.
Here however, to calculate the Yang-Mills energy-momentum 3-form associated with
the curvature kinetic energy T
(Ω)
a and the Yang-Mills field equations, we need more
geometrical quantities such as the contractions of the curvature 2-form and its dual with
the vector fields Xa dual to the basis 1-forms θ
a.
The contractions Ωab(Xc) are obtained using θ
a(Xb) = δ
a
b,

Ωtr(Xt) = −Aθ
r Ωtr(Xr) = Aθ
t Ωtr(Xθ) = 0 Ω
tr(Xφ) = 0
Ωtθ(Xt) = −Bθ
θ Ωtθ(Xr) = 0 Ω
tθ(Xθ) = Bθ
t Ωtθ(Xφ) = 0
Ωtφ(Xt) = −Bθ
φ Ωtφ(Xr) = 0 Ω
tφ(Xθ) = 0 Ω
tφ(Xφ) = Bθ
t
Ωrθ(Xt) = 0 Ω
rθ(Xr) = Cθ
θ Ωrθ(Xθ) = −Cθ
r Ωrθ(Xφ) = 0
Ωrφ(Xt) = 0 Ω
rφ(Xr) = Cθ
φ Ωrφ(Xθ) = 0 Ω
rφ(Xφ) = −Cθ
r
Ωθφ(Xt) = 0 Ω
θφ(Xr) = 0 Ω
θφ(Xθ) = Dθ
φ Ωθφ(Xφ) = −Dθ
θ


(A.21)
The dual curvature ∗Ωab , is obtained using εab = ∗(θa ∧ θb) =
1
2
εabcdθ
c ∧ θd.
∗ Ωtr = Aεtr, εtr = εtrθφθ
θ ∧ θφ (A.22)
∗ Ωtθ = Bεtθ, εtθ = εtθrφθ
r ∧ θφ (A.23)
∗ Ωtφ = Bεtφ, εtφ = εtφrθθ
r ∧ θφ (A.24)
∗ Ωrθ = Cεrθ, εrθ = εrθtφθ
t ∧ θφ (A.25)
∗ Ωrφ = Cεrφ, εrφ = εrφtθθ
t ∧ θθ (A.26)
∗ Ωθφ = Dεθφ, εθφ = εθφtrθ
t ∧ θr (A.27)
The contractions ∗Ωab(Xc), are obtained using εab(Xc) = εabc = εabcdθ
d,


∗Ωtr(Xt) = 0 ∗Ω
tr(Xr) = 0 ∗Ω
tr(Xθ) = Aεtrθ ∗Ω
tr(Xφ) = Aεtrφ
∗Ωtθ(Xt) = 0 ∗Ω
tθ(Xr) = Bεtθr ∗Ω
tθ(Xθ) = 0 ∗Ω
tθ(Xφ) = Bεtθφ
∗Ωtφ(Xt) = 0 ∗Ω
tφ(Xr) = Bεtφr ∗Ω
tφ(Xθ) = Bεtφθ ∗Ω
tφ(Xφ) = 0
∗Ωrθ(Xt) = Cεrθt ∗Ω
rθ(Xr) = 0 ∗Ω
rθ(Xθ) = 0 ∗Ω
rθ(Xφ) = Cεrθφ
∗Ωrφ(Xt) = Cεrφt ∗Ω
rφ(Xr) = 0 ∗Ω
rφ(Xθ) = Cεrφθ ∗Ω
rφ(Xφ) = 0
∗Ωθφ(Xt) = Dεθφt ∗Ω
θφ(Xr) = Dεθφr ∗Ω
θφ(Xθ) = 0 ∗Ω
θφ(Xφ) = 0


(A.28)
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We now have all the components to calculate the Yang-Mills energy-momentum 3-form
of the gravitational field:
T (Ω)c =
1
2
{Ωab(Xc) ∧ ∗Ωab − Ω
ab ∧ ∗Ωab(Xc)} (A.29)
Use relations as: θa ∧ εbc = δ
a
cεb − δ
a
bεc and εa =
1
3!
εabcdθ
b ∧ θc ∧ θd to find,
T
(Ω)
t = (A
2 + 2B2 − 2C2 −D2)εt = T
t(Ω)
t εt (A.30)
T (Ω)r = (A
2 − 2B2 + 2C2 −D2)εr = T
r(Ω)
r εr (A.31)
T
(Ω)
θ = (−A
2 +D2)εθ = T
θ(Ω)
θ εθ (A.32)
T
(Ω)
φ = (−A
2 +D2)εφ = T
φ(Ω)
φ εφ (A.33)
where,
εt = εtrθφθ
r ∧ θθ ∧ θφ = θr ∧ θθ ∧ θφ (A.34)
εr = εrtθφθ
t ∧ θθ ∧ θφ = −θt ∧ θθ ∧ θφ (A.35)
εθ = εθtrφθ
t ∧ θr ∧ θφ = θt ∧ θr ∧ θφ (A.36)
εφ = εφtrθθ
t ∧ θr ∧ θθ = −θt ∧ θr ∧ θθ (A.37)
Next we calculate the exterior covariant derivative of the dual curvature:
D ∗ Ωab = d ∗ Ω
a
b + ω
a
c ∧ ∗Ω
c
b − Ω
a
c ∧ ∗ω
c
b (A.38)
The non-zero components are,
D ∗ Ωtr = e
−µ(A
′
+
2
r
(A−B))εt (A.39)
D ∗ Ωrθ = e
−µ(C
′
+ λ
′
(B + C) +
1
r
(C −D))εθ (A.40)
D ∗ Ωrφ = e
−µ(C
′
+ λ
′
(B + C) +
1
r
(C −D))εφ (A.41)
Finally the Bianchi-identities,
DΩab = dΩ
a
b + ω
a
c ∧ Ω
c
b − Ω
a
c ∧ ω
c
b = 0 (A.42)
give two independent equations,
B
′
+ (B + C)λ
′
+
1
r
(B − A) = 0 (A.43)
D
′
+
2
r
(D − C) = 0 (A.44)
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A.2 Field Equations
We consider vacuum solutions with dark energy (Schwarzschild-de Sitter spaces). Thus,
T
(M)
ab = 0, Sab = 0 (A.45)
The bare anti-de Sitter cosmological term and all contributions from zero-point fluctu-
ations from field theory degrees of freedom, potential energy from scalar fields, etc are
absorbed (fine-tuned) into Λ. We will not assume a priori the limit l → lp.
Then the field equations are,
Rab −
1
2
Rδab + Λδ
a
b = −
1
2
l2T
a(Ω)
b (A.46)
D ∗ Ωab = 0 (A.47)
This gives tree Einstein equations: the tt-, rr-, and θθ = φφ -component,
A + 2B + Λ =
1
2
l2(A2 + 2B2 − 2C2 −D2) (A.48)
A− 2C + Λ =
1
2
l2(A2 − 2B2 + 2C2 −D2) (A.49)
B − C −D + Λ =
1
2
l2(−A2 +D2) (A.50)
and two Yang-Mills equations: the tr- and rθ = rφ -component,
A
′
+
2
r
(A−B) = 0 (A.51)
C
′
+ (B + C)λ
′
+
1
r
(C −D)) = 0 (A.52)
Remark that,
R = −4Λ = 2(A−D) + 4(B − C) (A.53)
A.3 Solutions
A.3.1 Schwarzschild black-hole
Here dark energy and R2-terms are neglected in the field equations:
A + 2B = 0 (A.54)
A− 2C = 0 (A.55)
B − C −D = 0 (A.56)
A
′
= −
2
r
(A−B) (A.57)
C
′
= −λ
′
(B + C)−
1
r
(C −D) (A.58)
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The Einstein-equations reduce to,
B = −C =
1
2
D = −
1
2
A (A.59)
Substitution in the Yang-Mills equations reduces these to,
B
′
= −
3
r
B (A.60)
From B = −C we have
λ
′
+ µ
′
= 0 (A.61)
and with k as integration constant:
λ + µ = k (A.62)
We can chose the constant k to be zero by replacing the time coordinate t by another
coordinate te−k . This is equivalent to replacing λ by λ− k, so that
λ+ µ = 0 (A.63)
Since B = λ
′
r
e−2µ , the Yang-Mills equation (A.60) is explicitly:
λ
′′
− 2λ
′
µ
′
+
2
r
λ
′
= 0 (A.64)
Compare this to the Einstein equation A + 2B = 0
λ
′′
+ λ
′2 − λ
′
µ
′
+
2
r
λ
′
= 0 (A.65)
to see that with λ
′
= −µ
′
both equations are equivalent. So here, the solution of the
Einstein equations also satisfies the Yang-Mills equation.
Finally, from B − C −D = 0 and λ
′
= −µ
′
we have,
(e−2µr)
′
= 1 (A.66)
Integration with −2GM as integration constant gives,
e−2µ = 1−
2GM
r
= 1−
rs
r
(G = l2p) (A.67)
were r = rs = 2GM is the event-horizon.
A.3.2 Schwarzschild-de Sitter space
Here only the R2-terms are neglected in the field equations:
A + 2B + Λ = 0 (A.68)
A− 2C + Λ = 0 (A.69)
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B − C −D + Λ = 0 (A.70)
A
′
= −
2
r
(A−B) (A.71)
C
′
= −λ
′
(B + C)−
1
r
(C −D) (A.72)
The Einstein-equations reduce to,
B = −C =
1
2
(D − Λ) = −
1
2
(A+ Λ) (A.73)
Substitution in the Yang-Mills equations gives then,
B
′
= −
3
r
(B +
1
3
Λ) (A.74)
From B = −C we still have that
λ+ µ = 0 (A.75)
Since B = λ
′
r
e−2µ , the Yang-Mills equation (92) is explicitly:
λ
′′
− 2λ
′
µ
′
+
2
r
λ
′
= −Λe2µ (A.76)
Also now this equation is equivalent to the Einstein equation A + 2B + Λ = 0 with
λ
′
= −µ
′
. So again, the solution to the Einstein equations also satisfies the Yang-Mills
equation.
Finally, from B − C −D + Λ = 0 and λ
′
= −µ
′
we have,
(e−2µr +
1
3
Λr3)
′
= 1 (A.77)
Integration with −2GM as integration constant gives,
e−2µ = 1−
2GM
r
= 1−
rs
r
−
1
3
Λr2 (G = l2p) (A.78)
For r ≫ rs we have de Sitter space. For r ≪ (
rs
Λ
)
1
3 we recover the Schwarzschild
solution.
A.3.3 General case
First we write the Einstein field equations (A.48-50) as,
(B + C)(1− l2(B − C)) = 0 (A.79)
(A−D) + 2(B − C + Λ) = 0 (A.80)
(A+D)(1 + 2l2(B − C + Λ)) = 0 (A.81)
The first equation is obtained from (A.48) minus (A.49). The second from (A.48) plus
(A.49) plus 2-times (A.50). The third equation from (A.49) minus (A.50) and substitu-
tion of (A.79) and (A.80).
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There are three cases for which these Einstein equations are satisfied:
Case 1
B = −C and A = −D (A.82)
Then equations (A.79) and (A.81) are satisfied and (A.80) reduces to
B = −
1
2
(A+ Λ) (A.83)
But this is just one of the Einstein equations (A.73) where we had put T
a (Ω)
b = 0, a
trivial result now since A2 = D2 and B2 = C2. So we find the same solutions as before
with the Yang-Mills equations identically satisfied.
Case 2
B − C =
1
l2
(A.84)
Then (A.79) is satisfied and (A.81) reduces to
(A+D)(3 + 2l2Λ) = 0 (A.85)
implying A = −D . So, in this case, the Einstein equations are satisfied for,
B − C =
1
l2
, A = −D = −(
1
l2
+ Λ) (A.86)
where the last equality comes from equation(A.80). Then the second Yang-mills equation
(A.52) becomes,
B
′
+ (B + C)λ
′
+
1
r
(C −D) = 0 (A.87)
Subtracting the Bianchi-identity (A.43) gives,
1
r
(B − C +D − A) = 0 (A.88)
So in this case, field equations are satisfied only if,
1
r
(
3
l2
+ 2Λ) = 0 (A.89)
Thus r−1 = 0 implying B = C = 0 (see definitions (A.12-15)), in contradiction with
(A.84).
Case 3
B − C + Λ = −
1
2l2
(A.90)
Then (A.81) is satisfied and (A.79) respectively (A.80) reduces to
(B + C)(3 + 2Λl2) = 0 (A.91)
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(A−D) =
1
l2
(A.92)
So, in this case, the Einstein equations are satisfied for,
B = −C = −
1
2
(Λ +
1
2l2
) , A−D =
1
l2
(A.93)
Then the first Yang-mills equation (A.51) becomes,
D
′
+
2
r
(C +D +
1
l2
) = 0 (A.94)
Subtracting the Bianchi-identity (A.44) gives,
1
r
(2C +
1
l2
) = 0 (A.95)
So in this case, field equations are satisfied only if,
1
r
(
3
l2
+ 2Λ) = 0 (A.96)
thus r−1 = 0 implying B = C = 0 which leads to a contradiction in (A.90).
This leaves Case 1 as the only solution.
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B FRW Geometry
B.1 Geometrical Quantities
The FRW metric,
ds2 = −dt2 + a2(t){dχ2 + Σ2(χ)(dθ2 + sin2θdφ2)} (B.1)
with Σ(χ) = χ if k = 0, Σ(χ) = sinχ if k = 1, Σ(χ) = sinhχ if k = −1.
In a non-holonomic basis,
ds2 = ηabθ
a ∧ θb (B.2)
θt = dt (B.3)
θχ = adχ (B.4)
θθ = aΣdθ (B.5)
θφ = aΣsinθdφ (B.6)
Calculate dθa = −ωab ∧ θ
b and read the connection one-forms,
ωχt =
a˙
a
θχ = a˙dχ (B.7)
ωθt =
a˙
a
θθ = a˙Σdθ (B.8)
ωφt =
a˙
a
θφ = a˙Σsinθdφ (B.9)
ωθχ =
Σ
′
aΣ
θθ = Σ
′
dθ (B.10)
ωφχ =
Σ
′
aΣ
θφ = Σ
′
sinθdφ (B.11)
ωφθ =
cotgθ
aΣ
θφ = cosθdφ (B.12)
Then calculate the Ωab = dω
a
b+ω
a
c∧ω
c
b and read the Riemann-tensor components from
Ωab =
1
2
Rabcdθ
c ∧ θd.
Ωti =
a¨
a
θt ∧ θi , Ωij = (
a˙2
a2
+
k
a2
)θi ∧ θj ; i, j = χ, θ, φ (B.13)
Rti ti =
a¨
a
, Rijij =
a˙2
a2
+
k
a2
; no sum over i or j, i 6= j (B.14)
Obtain the components of the Ricci-tensor from Rab = R
c
acb and the Ricci-scalar R = R
a
b
Rtt = 3
a¨
a
, Rii =
a¨
a
+ 2(
a˙2
a2
+
k
a2
) , no sum over i (B.15)
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R = 6(
a¨
a
+
a˙2
a2
+
k
a2
) (B.16)
As for Schwarzschild geometry, we need to calculate more geometrical quantities such as
the contractions of the curvature 2-form and its dual with the vector fields Xa dual to
the basis 1-forms θa.
The contractions Ωab(Xc) are obtained using θ
a(Xb) = δ
a
b,
Ωti(Xt) =
a¨
a
θi , Ωti(Xj) = −
a¨
a
δijθ
t (B.17)
Ωij(Xt) = 0 , Ω
ij(Xk) = (
a˙2
a2
+
k
a2
)(δikθ
j − θiδjk) (B.18)
The dual curvature ∗Ωab , is obtained using εab = ∗(θa ∧ θb) =
1
2
εabcdθ
c ∧ θd.
∗ Ωti = −
a¨
a
εti , εti =
1
2
εtijkθ
j ∧ θk (B.19)
∗ Ωij = (
a˙2
a2
+
k
a2
)εij , εij = εijtkθ
t ∧ θk (B.20)
The contractions ∗Ωab(Xc), are obtained using εab(Xc) = εabc = εabcdθ
d,
∗ Ωti(Xt) = 0 , ∗Ω
ti(Xj) = −
a¨
a
εtij , εtij = εtijkθ
k (B.21)
∗ Ωij(Xt) = (
a˙2
a2
+
k
a2
)εijt , εijt = εijtkθ
k ∗ Ωij(Xk) = (
a˙2
a2
+
k
a2
)εijk , εijk = εijktθ
t
(B.22)
We now have all the components to calculate the Yang-Mills energy-momentum 3-form
of the gravitational field:
T (Ω)c =
1
2
{Ωab(Xc) ∧ ∗Ωab − Ω
ab ∧ ∗Ωab(Xc)} (B.23)
Use relations as: θa ∧ εbc = δ
a
cεb − δ
a
bεc and εa =
1
3!
εabcdθ
b ∧ θc ∧ θd to find,
T
(Ω)
t = 3{(
a¨
a
)2 − (
a˙2
a2
+
k
a2
)2}εt = T
t(Ω)
t εt , εt =
1
3!
εtijkθ
i ∧ θj ∧ θk (B.24)
T
(Ω)
i = −{(
a¨
a
)2 − (
a˙2
a2
+
k
a2
)2}εi = T
j(Ω)
i εj , εi −
1
2
εtijkθ
t ∧ θj ∧ θk (B.25)
T
j(Ω)
t = 0 , T
j(Ω)
i = 0 for i 6= j (B.26)
Next we calculate the exterior covariant derivative of the dual curvature:
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D ∗ Ωab = d ∗ Ω
a
b + ω
a
c ∧ ∗Ω
c
b − Ω
a
c ∧ ∗ω
c
b (B.27)
The components are,
D ∗ Ωti = (
...
a
a
+
a˙a¨
a2
− 2
a˙
a
(
a˙2
a2
+
k
a2
))εi =
1
6
R˙ (B.28)
D ∗ Ωij = 0 (B.29)
B.2 Energy-Momentum and Spin Current
Taking into account the symmetries of the FRW-geometry, the stress energy tensor com-
plying with these symmetries, is that of a perfect fluid,
T
(M)
ab = (ρ+ p)uaub + pηab , ut = 1 , uj = 0 (B.30)
The fluid is completely characterised by its rest frame total (relativistic) energy density
ρ and isotropic pressure p . We assume an equation of state p = p(ρ) , meaning the
perfect fluid is isentropic. This energy-momentum tensor is obtained by varying the
matter Lagrangian LM = −ρε , where ε is the volume 4-form, with respect to θ
a. Since
δωLM =
1
2
δωab ∧ Sba , the spin-tensor Sab = 0 .
A straightforward calculation shows that,
DT
(M)
t = −{ρ˙+ 3
a˙
a
(ρ+ p)}ε , DT
(M)
i = 0 (B.31)
Since the result Sab = 0 implies that DT
(M)
a = 0 we have the familiar conservation law
ρ˙+ 3
a˙
a
(ρ+ p) = 0 (B.32)
B.3 Field Equations
The field equations are,
Rab −
1
2
Rδab + Λδ
a
b = 8πl
2
pT
a(M)
b −
1
2
l2T
a(Ω)
b (B.33)
D ∗ Ωab = 0 (B.34)
It is assumed that T
a(M)
b contains only contributions from ordinary and dark matter. The
bare anti-de Sitter cosmological term and all contributions from zero-point fluctuations
from field theory degrees of freedom, potential energy from scalar fields, etc are absorbed
(fine-tuned) into Λ. We will consider the limit l → lp only after solving the field equations.
This gives two Einstein equations: the tt -, and ii -component,
(
a˙2
a2
+
k
a2
)−
1
2
l2{(
a¨
a
)2 − (
a˙2
a2
+
k
a2
)2} =
8πl2p
3
ρ+
Λ
3
(B.35)
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2
a¨
a
+ (
a˙2
a2
+
k
a2
) +
1
2
l2{(
a¨
a
)2 − (
a˙2
a2
+
k
a2
)2} = −8πl2p p+ Λ (B.36)
and one Yang-Mills equation: the ti -component,
R˙ = 0 (B.37)
Just like in Einsteins theory, the conservation equation (B.32) can be obtained from the
field equations. Take the time derivative of (B.35) and then use (B.35-37).
B.4 Solutions
Taking the trace of the Einstein equation leads to (or by summing (B.35) and (B.36)),
R = 8πl2p(ρ− 3p) + 4Λ (B.38)
so that (B.37) implies
(ρ− 3p) = constant (B.39)
So the Yang-Mills equation defines the equation of state. Substituting (B.39) into the
Einstein field equations shows that the constant term in (B.39) is just an other contri-
bution to the cosmological constant. But since Λ represents the observed cosmological
constant in these field equations, we must put the constant in (B.39) equal to zero. The
equation of state becomes
p =
1
3
ρ (B.40)
The matter content of our solutions is radiation dominated and the unique cosmological
model compatible with the physical assumptions made, is the early universe. From (B.32)
we now have,
ρa4 = C , C = constant (B.41)
and (B.38) reduces to
R = 4Λ (B.42)
Solution for k=0.
On using the last two equations, the first Einstein equation reduces to,
a˙2
a2
−
1
3
Λl2(
a¨
a
−
a˙2
a2
) =
8πl2p
3
C
a4
+
Λ
3
(B.43)
which has the solution,
a2 = a2i sinh(
√
4Λ
3
t) , a4i =
8πl2pC
Λ+ 2
3
l2Λ2
(B.44)
where ai = a(ti) , and a¨(ti) = 0.
For a << ai , we have the radiation dominated universe and the expansion is decelerated
until a = ai . For a > ai , we reach the era of exponential expansion and dark energy
domination. For l = O(lp) (this is for a coupling constant gl of order unity in the
Lagrangian), the solution approximates the solution from Einstein gravity.
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